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Abstract. Fractal interpolation function (FIE) is a special type of continuous function 
which interpolates certain data set and the attractor of the Iterated function system (IFS) 
corresponding to the data set is the graph of the FIE. Coalescence Hidden-variable Fractal 
Interpolation Function (CHFIF) is both self-affine and non self-affine in nature depending 
on the free variables and constrained free variables for a generalized IFS. In this article 
graph directed iterated function system for a finite number of generalized data sets is 
considered and it is shown that the projections of the attractors on is the graph of the 
CHFIFs interpolating the corresponding data sets. 


1. Introduction 

The concept of fractal interpolation fnnction (FIF) based on an iterated fnnction system 
(IFS) as a fixed point of Hntchinson’s operator is introdnced by Barnsley [?, ?]. The 
attractor of the IFS is the graph of the fractal fnnction interpolating certain data set. These 
FIFs are generally self-affine in nature. The idea has been extended to a generalized data set 
in such that the projection of the graph of the corresponding FIF onto provides a non 
self-affine interpolation function namely Hidden variable FIFs for a given data set {(x^, Un) '■ 
n = 0,1,..., N} [?]. Chand and Kapoor [?], introduced the concept of Coalescence hidden 
variable FIFs which are both self-affine and non self-affine for generalized IFS. The extra 
degree of freedom is useful to adjust the shape and fractal dimension of the interpolation 
functions. In [?], Barnsley et ah proved existence of a differentiable FIF. The continuous 
but nowhere differentiable fractal function namely a-fractal interpolation function /“ is 
introduced by Navascues as perturbation of a continuous function / on a compact interval / 
of M [?,?]• Interested reader can see for the theory and application of a-fractal interpolation 
function /“ which has been extensively explored by Navascues [?,?,?]. 

In [?] Deniz et al. considered graph-directed iterated function system for hnite number 
of data sets and proved the existence of fractal functions interpolating corresponding data 
sets with graphs as the attractor of the GDIFS. 
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In the present work, generalized GDIFS for generalized interpolation data sets in has 
taken. It is shown that, corresponding to the data sets there exists CHFIFs whose graph 
is the projection on of the attractors of the GDIFS. 


2. Preliminaries 


2.1. Iterated Function System. Let X C and {X,dx) be a complete metric space. 

Also assnme 'H{X) = {S C X;S ^ ^,S is compact in X} with the Hansdorff metric 

B) dehned as du{A, B) = max{(i^(A, 5), dx{B, A)}, where dx{A, B) = max^g^ miiiyes dx{x, y) 
for any two sets A,B in l-i^X). {l-i,dy) is a complete metric space whenever {X,dx) is 
complete. Let for i = 1, 2, ..., N, Wi : X ^ X are continuous maps then {X]Wi : i = 

1, 2, ..., N} is called an iterated function system (IFS). If the maps tCj’s are contrac¬ 
tion then, the set valued Hutchinson operator W : 'H{X) —)■ ^{X) dehned by W{B) = 
where Wi{B) := {wi{b) : b E B} is also contraction. Then by Banach hxed 
point theorem, there exists a unique set A E T-i{X) such that A = W{A) = 

The set A is called the attractor associated with the IFS {X] Wi : i = 1, 2, ..., N}. 

2.2. Fractal Interpolation Function. Let a set of interpolation points {(x^, yi) E I xM. : 
i = 0, 1, ..., N} be given, where A : xq < xi <■■■< xn is a. partition of the closed 
interval / = [xq, xat] and yi E [ 91 , 92 ] C M, z = 0, 1, ..., iV. Set li = [xi-i,Xj\ for 
i = 1, 2, ..., iV and K = I x [ 9 i, 92 \- Let Lj : / —)■ Jj, i = 1, 2, ..., iV, be contraction 
homeomorphisms such that 

(1) Li{xo) = Xi_i, Li{xN) = Xi, 

(2) |Li(ci) — Li{c 2 )\ < d\ci — C 2 I for all ci and C 2 in J, 

for some 0 < d < 1. Furthermore, let idj : iF —?■ M, i = 1, 2, ..., iV, be given continuous 
functions such that 


(3) Hi{xo,yo) = yi-i, Hi{xN,yN) = Vi, 

(4) \H,{x,^,)-H,{x,^2)\<\aMi-^2\ 

for ail X E I and for all and ^2 in [ 91 , 92 ], for some Oj E (—1,1),f = 
mappings IF* : iF —)■ /* x M, i = 1, 2, ..., iV by 

Wi{x,y) = {Li{x),Hi{x,y)) for all {x,y) E K . 


Then 


1 , 2 , . 


N. Dehne 


(5) {iF; W,{x,y) : * = 1, 2, ..., A} 

constitutes an IFS. Barnsley [?] proved that the IFS {iF; IF : i = 1, 2, ..., N} dehned 
above has a unique attractor G where G is the graph of a continuous function / : / —)■ R 
which obeys f{xi) = yi for i = 0, 1, ..., N. This function / is called a fractal interpola¬ 
tion function (FIF) or simply fractal function and it is the unique function satisfying the 
following hxed point equation 

(6) f{x) = Fi{L~^{x), f{L~^{x))) for all x E h, i = I, 2, ..., N. 
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The widely studied FIFs so far are defined by the iterated mappings 


(7) Li{x) = tti X + di, Fi{x,y) = aiy +qi{x), i = l,2,...,N, 


where the real constants Oj and di are determined by the condition ([T]) as 


( 8 ) 


_ {Xj - Xj-i) 
(xn - Xo) 


and di 


{xNXj-i - XpXj) 
{xn - Xo) 


and gi(x)’s are suitable continuous functions such that the conditions ([3]) and (jl)) hold. For 
each i, Oj is a free parameter with |Q!j| < 1 and is called a vertical scaling factor of the 
transformation Wi. Then the vector a = (ai, a 2 , ■ ■ ■, otv) is called the scale vector of the 
IFS. If qi{x) is taken as linear then the corresponding FIF is known as affine FIF (AFIF). 


2.3. Coalescence FIF. To construct a Coalescence Hidden-variable Fractal Interpolation 
Functions, a set of real parameters Zi for i = 1, 2, ... ,N are introduced and the generalized 
interpolation data {{xi,yi,Zi) G : i = 0, 1, ..., N} is considered. Then dehne the 
maps tCj : J X —)■ Jj X i = 1, 2, ..., by 

Wi{x,y,z) = {Li{x),Fi{x,y,z)) 

where, Li : I ^ It, i = 1, 2, ... ,N are given in ([7]), and the functions Fj : J x —)■ 

such that Fi{x,y,z) = {Fl{x,y, z), F^{x,y, z)) = {aiy + PiZ + CiX + di,'yiZ + eiX + fi) satisfy 
the join-up conditions 

Fi{xo,yo,zo) = {yi-i,Zi-i) and Fi{xN,yN, zn) = {yi,Zi) . 

Here ai, 7 j are free variables with \ai\ < 1, | 7 i| < 1 and (di are constrained variable such 
that |/3j| -f | 7 j| < 1. Then the generalized IFS 

{/ X Wi{x, y,z) : i = 1, 2, ... ,N} 

has an attractor G such that G = : {x,y,z) G G} [?]. The 

attractor G is the graph of a vector valued function /:/—)■ such that /(xj) = {yi, Zi) 
for i = 0, 1, ..., iV and G = {{x,f{x)) : x G I,f{x) = {y{x), z{x))}. If / = {fij-z), 
then the projection of the attractor G on is the graph of the function /i which satishes 
fi{xi) = yi and is of the form 

fi{Li{x)) = Fl{x, fi{x), f 2 {x)) = aifi{x) + A/ 2 (x) + CiX + di, x e I 
is known as CHFIF corresponding to the data {{xi,yi) G / x M : i = 0, 1, ..., N}. 

2.4. Graph-directed Iterated Function Systems. Let G = {V, E) be a directed graph 
where V denote the set of vertices and F is the set of edges. For all u,v ^ V, let E'^'" denote 
the set of edges from u to u with elements e^^,i = 1, 2, ..., where 77“’' denotes the 
number of elements of An iterated function system realizing the graph G is given by 
a collection of metric spaces {X^,p^),v G V, and of contraction mappings : X'" —)■ 
corresponding to the edge 6““ in the opposite direction of 6““. An attractor (or invariant 
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list) for such an iterated function system is a list of nonempty compact sets C such 
that for all M G , 

j^uv 

-4“ = U U ■ 

vGV i=l 

Then (X“; wf^) is the graph directed iterated function system (GDIFS) realizing the graph 
G [?,?]. 

Example 2.1. One can see [?, ?]. 


3. Graph Directed Coalescence FIF 


In this section, for a hnite nnmber of data sets, generalized graph-directed iterated 
function system (GDIFS) is dehned so that projection of each attractor on is the graph 
of a CHFIF which interpolates the corresponding data set and call it as graph-directed 
coalescence hidden-variable fractal interpolation fnnction. For simplicity, only two sets of 
data are considered. Let the two data sets as 

Vo), ..., (xjv, 2/]^)} 

with N,M >2 and 


(9) 


x} - x]^ 

Xm Xq 


< 1 and 


^2 _ 

^0 


< 1 


for alH = 1, 2,..., iV and j = 1, 2,..., M. By introducing two set of real parameters zl, Zj 
ioT i = 1,2,... ,N and j = 1, 2,..., M, consider the two generalized data set as 

= {{.xl,yl,zl),{x\,y\,z\),...,{x]^,y]^,z\j)} 

= {(xg, yl, zl), {xl, y\, zX),..., (x^, y\, z\)} . 

Now consider the directed graph G = {V, E) with 1/ = {1, 2} is snch that 

^^11 ^ j^l2 ^ ^ ^21 = M . 


give a pictnre. 

To construct a generalized GDIFS associated with the data E>^, (r = 1, 2) and realizing the 
graph G consider the functions —)■ dehned as 




'{x, y, z) = (L^"(x), F;)^(x, y,z)), n = l,2,...,K^ 


are such that 

'u^ni.xl^yl^zD = {xi_^,yi_^,zl_^) 

= i.xl,yl,zl) 

w^n-K^i{.xl,yl,zl) = {xi_^,yl_^,zl_^) 

w]^-K^i{.xli,ylj,zlj) = {xl,yl,zi) 


for n = 1, 2,..., 

for n = + 1,. 


+ = N 
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for n = 1, 2,..., 


'U^ni.XN^VN^^N) = {xl,yl,zl) 
y^n-K^iixly^z^) = ixl_^,yl_^,zl_^] 
wf_K^i{xM,yM,zlj) = {xl,yl,zl) 


ioT n = + 1,..., + = M 

From each of the above conditions, the following can derive respectively. 


( 10 ) 


an4 + fell = xl_^ 

c^nxl + Q^^yl + P^^zl + = yl_^ 

Cn^N + ^^nVN + = Vl 

(^nXl + InZl + /II = Zi_^ 

, e^^xjv + -fnzj^ + = 4 


for n = 1, 2,..., iF 
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( 11 ) 


^n-K^lxl + = 4_i 

4-Xlia^M + C-Xll = 

C^-K^ixl + al^K^iyo + /^n-Xii^O + dn-K^i = vLl 

Cn-K^iXlj + = Vl 


.12 


12 


-Xll^5 + 7;ii^ll^5 + fn-K^l = 

12 2 I 12 2 I fl 2 _ 1 


for n = iF“ + 1,..., AT 


( 12 ) 


+ 41 = xl_^ 

+ bn = 

Cnxl + afyl + 414 + 41 = ^2_^ 

Cn^N + «n^2/w + + C = Vl 

efxl + 7^4 + /4 = 4_1 

en^a;]v + 7n^^w + fn = 4 


for n = 1, 2,..., iF' 


21 


(13) 


,22 2 I f22 _ 2 

^n-K^^XQ + 0^_j^2l — X^_i 
„22 2 I t22 _ 2 

(^n-K'2iXM “T '^n-X2l “ 

+ af_j^2iyl + 44-K^izI + = ^2_^ 

4-x2ia^M + «n-x2i2/M + + df_K2i = yl 

e.C2i^0 + + /f ^.1 = 4-1 

eZK2.xl, + iZk2.zI, + 


for n = iF^i + 1,..., M 


From the linear system of equations ffTOj) . (ITT]) . (IT^ and (1131) the constants 6[^, 4^, 
and /4 for r, s e {1, 2}, i = 1 , 2 ,..., iF'’^ are determined as follows 
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ai^ = 


= 

'-'n 


= 


Vn-yi-i-aV- 


dl^ = 


^ fio 


fll = 

J n 




„21 _ 

—n“ 


a:L—a^n 


= 


^21 = 

^ j; —u;f. 

J/n-y^_l-"nMyX-yo)-/5n^ (^If-^o) 


dl^ = 




e^i = 

'^n 




f21 _ 

J n 


x]^zl_^-xlzl_-'i'^{x]^zl-xlz]^) 


= 




2 1^ °2 1 
1.12 _ ^M<-l-^0< 

On — -^2 


= 

L'-n 


■^N *^0 

^N-^0 




^hyi 


'^TL x^ _ Xn 

yn-Pn-l-^n^iyZ-yh-^n^i^M-^o) 

- J -2- 

-^0yl-O!i^(^i[^-^0yM)-f^n^(^M^0-^0^M) 

x'i,—xi 


-1 _ 

^M-^'o 

„12 _ 4-4-i-7u^(2m-2o) 

^n ^2 _^2 


/, 


12 _ 


^M ^0 

,2 .1 _^2.1_^12/^2 .2_^2.2 A 

M^n—1 '^O'^n In v^M^O 




^M *^0 

2_^2 

•^n—1 


X^—X] 


U22 _ ^M<-i-^0< 
0 ^ — —— 


0 

t>2^2 


■^iV *^0 

x\,yl_^-xlyl -a^l -xjyjy )-/321 (aj^zl ) 




C22 = 

^mVI- 


yl-vl-i-a^ivti-yh-Pl^i^M-^) 

- i -2- 

i-^oyl-(>^‘^(^'ii^-^lyli)-0l^i^li4-^l^M) 

-r2-Z2- 


= 


‘^M ‘^0 

«2_~2 _^22/.2 _.2', 
-n •^n —1 m \'^M '^0-' 


£22 _ 
J n 


^M ^0 

^2 j ,2 _ ™2 ^2 _^ 22/„2 ^,2 _™ 2 j ,2 \ 

-rj->7- 


^M’ 


The following theorem shows that each maps w'^n is contraction with respect to metric 
equivalent to the Euclidean metric and ensures the existence of attractors of generalized 
GDIFS. 


Theorem 3.1. Let {U.^-,Wn^,n = 1, 2,..., be the generalized GDIFS defined above 
realizing the graph and associated with the data sets P'”, (r = 1,2) which satisfy If 
{dn^l < 1, |7))^| < 1 and jl'!^ is chosen such that \(I'!^\ + | 7 ))*| < 1 for all r,s & {1)2} and 
n = 1,2,..., . Then there exists a metric 6 on eguivalent to the Euclidean metric, 

such that the GDIFS is hyperbolic with respect to 6. In particular, there exists non empty 
compact sets such that 

2 

G' = U U «G‘) ■ 

s=l n=l 

Proof. Proof follows in the similar line of Theorem 2.1.1, [?] and using above condition 

( 0 . □ 


Following is the main result regarding existence of coalescence Hidden-variable FIFs for 
generalized GDIFS. 

Theorem 3.2. Let G^, r eV be the attractors of the generalized GDIFS as in Theorem \3.1[ 
Then G^,r E V is the graph of a vector valued continuous function f^ : F ^ such that 
for r eV, /^«) = iVn, O for all n = 1,2,..., NT If f = (/[, f^) then the projection of 
the attractors G^,r E V onM.'^ is the graph of the continuous function /} : /^ —)■ M known 
as GHFIF such that for r eV , /'’(x))) = (i/))). That is G^|r 2 = {{x, /[(a;)) : x E F} 
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Proof. Consider the vector valued function spaces 

{f ■ [^0)^7v] ^ continuous such that f{xl) = {y^, z^), f{x]^) = {y}^, z]^)} 

PL = {h : [xl, x^] —)■ continuous such that h{xl) = {y^, z^), h{x\j) = (|/^, 

with metrics 

dx{fij2)= sup ||/i(x)-/2(x)|| 

^Gho-^ivl 

dn{hi,h2)= sup ||hi(x) - h2(x)|| 


xe[xl,xl 


respectively, where ||.|| denotes a norm on Since {J^,djr) and {PL,d-u) are complete 
metric spaces, then {LF xPi^d) is also a complete metric space where 

d((/i, hi), (/ 2 , h 2 )) = max{cij-(/i, / 2 ), dr^(hi, h 2 )} . 

Following are the affine maps. 

/ : [xj, x]v] ^ [xl_^,xlf ll{x) = a“x + 6“ for n = 1, 2,..., 

I : [x^, x^] ^ [xl_^,xl]Jl{x) = for n = + 1,..., 

J : [xl, x)v] ^ [xl_^,xl], ll{x) = a^^x + for n = 1, 2,..., 

J : [x^, x^] ^ [xl_i,xl],ll{x) = af_K 2 iX + ioi n = + 1,..., 

Now dehne the mapping 

T{f, h){x,y) = {f{x),h{y)) 

where for x G [xl_i,x]f\ 


(14) 


cPP 


^{x) + affy){IJ{x)) + Plfz]{IJ{x)) + dff, 


for n = 1 , 2 ,..., JF 
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f(rr\ — ) In ^fV n K'^JJ ' n \ J ' J n / 

’ ~ Wn-K^^In\^) + 4 (4"^ (^) ) + C^n, 

7n-irii^h(4 H4) + en-irii4 + 4-irii) for n = + 1,..., iV . 

and for x G [x^_i,x^] 


(15) 

r. ^ ^ f + fff) 

l(c™4^2i-hj(x) + a^4i^2i2/4'hj(4) + + d^4i^2i, 

Now using equations flTOl) — flT^ it is clear that, 

f{xl) = Fi{lF\x),y}{lF\x)),z}{lF\x))) = {yl,zl) 

/(xn) = FN{lF\x),yl{lF\x)),zl{lF\x))) = iylf,zlf) . 
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for m = 1 , 2 ,..., 
for m = + 1 ,..., M 


Similarly, h{xl) = (y^z^), h{xlj) = {yh^zlj). Which proves that T maps x 1-i into 
itself. Since for each n = 1, 2,..., iV, is continuous and therefore, / is continuous 

on each subintervals [x\_]^,xl^. 

For n = 1, 2,..., using ([10]) it follows that = J{x]^) = {yl, 4)- 

For n = + 1,..., iV — 1, using (ITTl) it follows that /(x^“) = f{x]:^) = {y\, z^). 

For n = using flTII]) and flTT]) it follows that /(x^“) = f{x]^) = {y\,z\) since 

In^i.xl)= x]v and I~li{xl) = xg. 

Hence / is continuous on I. Similarly it can be shown that h is continuous on J. Conse¬ 
quently T is continuous. 

To show that T is a contraction map on x n, let T(/i,/ 2 ) = (/i,/ 2 ) and T(hi,/i 2 ) = 
(hi, h 2 ). Now 


sup {||/i(x) 


f2{x)\\} = 


max {\\al\yj,{In\x)) - y}^{I^\x))) 


< (5^^ max {y} {I-\x)) - y}^{I;;\x)) + z}^{I-\x)) - z}^{I-\x)), 


4(4-'(^))-4(4-^(^))} 


sup {||/i(x)-/ 2 (x)||} = max {Wn-K^i{yl^{I^\x)) - yl^{lj{x))) 

n=K +1,...,N 

312 ~2 „,12 „2 / r - l / 




+ 44n(4(/-^(x))-4(/-^(x))),7^ii,n(4(/-^(x))-4(j-^(x)))||} 

< 5^2 {yl^{In^{x))-yl^{I-^{x)) + zl^{I-^{x))-zl^{I-^{x)), 

n=Kll+l,...,V 

3:G[xl_^,xl] 

4(4-^(^))-4(4-'(^))} 

<<5l4^(hi,h2). 

where 5“ = max„=i_2,...,xii{l«n4 144 4^4 < 1 and 5 ^^ ^ max„=xii+i,...,w{|an4 441,1741) < 

1. Therefore 

dxifi, h) < max{(5^\ <5^4 max{cij-(/i, / 2 ), dnih, h 2 )} . 

Similarly, one can have 

dn{hi,h2) < max{4\44max{dj-(/i,/2),ci-K(hi,h2)} . 

where = max„=i^ 2 ,...,x 2 i{|a 2 i|, |/34|, < 1 and = max„=x2i+i,...,M{|a4l, 441,1741) < 

1. Hence 

d(T(/i,hi),T(/ 2 ,h 2 )) = max{d^(/i,^),d«(hi,h 2 )} < 5 max{dj-(/i,/ 2 ), d^(hi, h 2 )} 
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where 6 = ma.x{6^^, 6^^, 6"^^, 6^"^} < 1. Which proves that T is contraction mapping. Then 
by Banach hxed point theorem, T posses a unique hxed point, say (/o, ho). 

Now, for n = 1, 2,..., 

fo{xl) = + a^+w}o(C+l(^n)) + /^n+l4(^n+l(^n)) + 

7n+l4(C+l(a;n)) + + /^+i) 

= iVn^^n)- 


For n = + 1,..., iV — 1 

foi^n) = {Cn+l-K^lInhiXn) + (^n+1 (^^n) ) + 4oi^nM^l)) + 4+1-i^ll 

= ivl, ^n) 
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This shows that /o is the function which interpolates the data {{xl^, y)^, zD : n = 0,1,..., N}. 
Similarly, it can be shown that go is the function which interpolates the data {(x^, y^, ^n) ■ 
n = 0,1,..., M}. Now for x G [xj, xj^] and x G [xq, x^] 

fo{In{x)) = (c^^x + ai^2/}o(x) + (3^^z}^{x) + dl,\ 

+ e“x + /“) for n = 1, 2 ,..., 


and 


fo{In{x)) = {cl^^x + al^yl^ix) + (3]^zl^{x) + 

In^hS^) + + fn) 


ho{Jn{x)) = (4^X + a^ny)o{^) + /^n^^/o(^) + C, 

7^4 (^) + + fn) 


for n = 1, 2,..., 


for n = 1, 2,..., 


hoiUx)) = (cf X + a^^ylix) + ^(x) + df, 

7f4(^) + ef^ + /f) forn = l,2,...,iF22. 

If F and H are the graphs of /o and ho respectively, then 

^11 J^12 

U7‘(f’)UU7'm 

i=l i=l 


K21 ^22 

// = U «.r(F) u u rnfm. 

i=l i=l 

Now the uniqueness of the attractor imply that F = and H = G^. That is G^ = 
{(x, fo{x)) : X G /} and G^ = {(x, ho(x)) : x G J}. □ 
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Example 3.1. Consider the data sets as 

= {(0,5), (1,4), (2,1), (3,1), (4,4), (5, 5)} 

= {(0,1), (1,2), (2, 3), (3, 2), (4,1)} 

realizing the graph with = 3, = 2, = 1, = 3. Take the generalized data 

set 

= {(0, 5, 5), (1,4,4), (2,1,1), (3,1,1), (4,4,4), (5, 5, 5)} 

and 

= {(0,1,1), (1, 2, 2), (2, 3, 3), (3, 2, 2), (4,1,1)} 
corresponding to and respectively. Here yn = Zn for both the generalized data sets. 
Choose = 1/3, (31^ = 1/3, 7 ))^ = 1/3 for all r,s G {1, 2} and n = 1,2,..., . Then 

Fig^ and Fig^ are the attractors of the corresponding generalized CDIFS. 

Keeping the free variables and constrained variables same, Fig\^and Fig^are the attractors 
of the generalized CDIFS associated with the generalized data sets 

= {(0, 5, 3), (1,4, 2), (2,1, 5), (3,1,2), (4,4,1), (5, 5,4)} 

= {( 0 , 1 , 2), (1, 2, 5), (2, 3,1), (3, 2, 3), (4,1,1)}. 

Take the generalized data set 

= {(0, 5, 3), (1,4, 2), (2,1, 5), (3,1,2), (4,4,1), (5, 5,4)} 

and 

= {(0,1, 2), (1, 5, 5), (2, 3,1), (3, 2, 3), (4,4,1)} 
corresponding to and D'^ respectively. Then Fig^ and Fig^ are the attractors of the 
generalized CDIFS with the free variables and constraints variables given in following table 

m 

Table 1. 


a 


0^2 

«3 


0^2 

a'f^ 



af 


0.8 

0.7 

0.8 

0.7 

0.8 

0.99 

0.99 

0.99 

0.99 

/S 





/Si" 

/Sf 


0f 

0f 


-0.3 

- 0.4 

-0.2 

-0.3 

- 0.4 

0.99 

0.99 

0.99 

0.99 

7 

7 “ 

I 2 

73^ 

7l^ 

7 I" 

7f 

if 

if 

if 


0.5 

0.3 

0.6 

0.5 

0.3 

0.005 

0.005 

0.005 

0.005 
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Figure 1. 



Figure 2. 
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Figure 3. 



Figure 4. 
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Figure 5. 



Figure 6 . 
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